Abstract-A controller design method based on convex programming is used for lightly d a m p e d systems with feedback delay. T h e designed controllers a r e robust with respect to time delays in t h e feedback action which is often crucial to t h e stability of lightly d a m p e d systems. Exogenous disturbances a n d unmodeled dynamics are also taken into account. Since t h e convex program is a global optimal technique, once a controller is found, it is optimal in t h e sense t h a t i t meets t h e design specifications. O n t h e other hand, if no solution is found then t h e r e exists no LTI controller which can satisfy t h e design specifications.
I. INTRODUCTION
From time to time, control engineers have to deal with lightly damped systems. One example of such systems is a force controlled robot manipulator against a stiff environment. Figure 1 is a simplified model for a single link direct drive manipulator coupled with its environment. Where the manipulator is modeled as a lumped mass mrr the environment is modeled as a linear spring with stiffness k,, and a linear viscous damper with a damping coefficient 6.. An et al. [l] show that due to the high stiffness of rigid environments (e.g., the stiffness of aluminum exceeds 6 x lo' N/m, the geometric information of the material under test is not available), such a system is highly underdamped and robot force control strategies such as explicit force control and impedance control cannot change the system's oscillatory nature. In fact, instability is a general problem encountered in robot force control [I, 8, 41. Recent studies [5] show that lightly damped systems are sensitive to time delays in the feedback control action. The delay may become a critical issue to the system's stability if it is nonnegligible with respect to the system's natural frequency.
In this paper, a generalized control system configuration is adopted and then the feedback delay is modeled inside the plant. By discretizing, the plant perturbed by the time delay remains as LTI and the sample-holdeffects have been taken into consideration. Two major assumptions are made: the original plant and the controller are linear, time-invariant (LTI), and the plant is open-loop stable. This allows us to use the structure developed in [3]. The closed-loop transfer matrix obtained from the control configuration contains all closed-loop transfer functions of interest. Therefore design specifications can be expressed as constraints or objectives for each entry of this transfer matrix. Through parameterization, all stable closed-loop transfer matrices form a convex set and many performance specifications become convex functions defined on the set. This property allows a convex programming approach for the controller design procedure. In practice, the infinite dimensional solution space is truncated to form a finite dimensional Euclidian subspace which made the numerical computation possible.
This design method allows the design to start directly with a set of performance specifications. Except to be LTI (rational function As an example, consider the simple robot force control system shown in Figure 3 , where K is the controller. R is the dynexics of the simplified robot-environment model shown in Figure I , fd is the desired force, fr is the contact force, fa is the actuator effort, f, is the sensed force, U is the control signal, n, is the sensor noise, nr is the actuator noise. The system can be easily arranged to fit in our generalized configuration, as shown in Figure 4 . In Figure 4 , the feedback delay has been taken into consideration and since the actuator efTort is bounded, fa has been placed in vector w so that design specifications can be expressed on it. The plant matrix is shown in Equation ( and py,, shown in Equations (5) and (6) must exist and the Bezout Identity described by Equations (7) and (8) 
Note that in Equation (9), T i , T2 and T3 are fixed matrices since they only relate to the plant P and the known nominal controller
Knom. Therefore Q is the only free parameter and is structurely exposed. Further, since all fixed matrices are stable, Hzw is stable as long as Q is stable. Fact 2. The set of all stabilizing LTI controllers, which is denoted b y Discussion in the previous section lead to the conclusion that for a given plant with known feedback delay, the set of a U achivabk stable closed-loop transfer matrices can be expressed as Equation (13) shows that Q ( 3 ) is stable (the set of all stable Q is obviously convex) and therefore H ( 3 ) is stable. Further, since Q ( 3 ) is achievable and a bilinear mapping between Q and K exits, H ( 3 ) is also achievable and therefore it is in v. CONVEXITY OF SPECIFICATIONS Performance specifications are expressed explicitly as constraints or objectives on entries of H z w . Many of the performance specifications can be described as convex functions of Hzw (for simplicity, we will omit the subscript when there is no ambiguity).
By applying the final value theorem, steady state properties of the ith regulated variable with respect to the j t h input channel can be generalized as (14) where H E %*roble and c is a constant. For instance, c = 1 can be interpretered as asymptotic tracking of unit step inputs, and c = 0 can be interpretered as asymptotic regulation of constant noise inputs. By applying techniques of limit analysis in addition to the final value theorem, more complicated inputs can be handled. The
Performance specification on transient response can be specified by time domain upper and lower envelops which form a set of constraints after discretizing: r,;,(k) 5 r ( k ) 5 rmaz(k) fork = 0,1,2,. .. , N .
(15)
Applying inversion formula to Equation (15) 
X)H(2))=X@k(H(1))+(1-X)@k(H(2))
f o r k = O,l, . . . , N . In a similar manner, we can demonstrate that other performance specifications, such as bounds in frequency and time domain, stability margin and robustness with respect to unmodeled plant dynamics (which is measured by IlHll,), can also be described as convex constraint or objective functions of H (and therefore Q).
Detailed descriptions can be found in [5, 31.
VI. CONTROLLER DESIGN
Insofar the property of convexity is described in an infinite dimensional vector space. Since there is no known analytic method that can handle the multiobjective, multiconstraint problem described by different type of performance specifications, a numerical approach become a natural choice and this is done by approximating the entries of T i , T2, T3 and Q with finite length stable FIR filters, i.e., TI zz c l , z -' , T2 zz c : = o c 2 :~-' , T3 zz E:=, c3,z-', Q zz E:=, x , z -' . Since T I , T2 and T3 are fixed, coefficients c l : , c2,, c3, for i = 1,2,. . . , n are constants;
while Q is the free parameter to be determined, so the xi's become decision variables and all performance specifications become convex constraint or objective functions of the finite number of decision variables. 1. The unit step response of the contact force fr to the desired force fd should be inside the specified envelopes 1-0.8e-22kT 5 fr(kT)5 1 + e -2 0 k T , fork=0,1,...,800
and T = 0.005 second.
2. To restrict the response of the contact force fr to the force sensor noise n, by minimizing JJH13($*)II, over
3. To minimize the overshoot of the contact force.
4.
To restrict the actuator effort by minimizing its maximum absolute value in response to the desired force fd. 
Our

VIII. CONCLUSION
The controller design method of [3] is extented to handle lightly damped systems with feedback delay. Although finite dimensional approximation is made in the design procedure which may cause the loss of some feasible solutions, simulation results are quite succesful. The obtained controllers are usually high order but can be easily implemented by digital signal processors or approximated using model reduction. Piqure 10: poles of the optimal controller
